In this note we define the property (ω 1 ), a variant of Weyl's theorem, and establish for a bounded linear operator defined on a Banach space the sufficient and necessary conditions for which property (ω 1 ) holds by means of the variant of the essential approximate point spectrum σ 1 (·). In addition, the relation between property (ω 1 ) and hypercyclicity (or supercyclicity) is discussed.
Introduction
H. Weyl [14] examined the spectra of all compact perturbations of a hermitian operator on Hilbert space and found in 1909 that their intersection consisted precisely of those points of the spectrum which were not isolated eigenvalues of finite multiplicity. This "Weyl's theorem" has been considered by many authors. Variants have been discussed by Harte and Lee [6] and Rakocevic [11, 12] . In this note, we introduce a new variant of Weyl's theorem which called property (ω 1 ) and show how property (ω 1 ) follows from properties of the variant (σ 1 ) of the essential approximate point spectrum. Also, the relation between property (ω 1 ) and hypercyclicity (or supercyclicity) is discussed.
Throughout this paper, X denotes an infinite dimensional complex Banach space, B( X) the algebra of all bounded linear operators on X . For an operator T ∈ B( X) we shall denote by n(T ) the dimension of the kernel N(T ), and by d(T ) the codimension of the range R(T ). We call T ∈ B( X) an upper semi-Fredholm operator if n(T ) < ∞ and R(T ) is closed; but if d(T ) < ∞, T is a lower semi-Fredholm operator. An operator T ∈ B( X) is said to be Fredholm if both the deficiency indices n(T ) and d(T ) are finite. If T ∈ B( X) is an upper (or a lower) semi-Fredholm operator, the index of T , ind(T ), is defined to be ind(T ) = n(T ) − d(T ). The ascent of T , asc(T ), is the least non-negative integer n such that N(T n ) = N(T n+1 ) and the descent, dsc(T ), is the least non-negative integer n such that R(T n ) = R(T n+1 ). The operator T is Weyl if it is
Fredholm of index zero, and T is said to be Browder if it is Fredholm "of finite ascent and descent". The upper semi- 
Property (ω) and it's stability have been studied by numerous authors, see for example [1, 2] , etc. The property (ω 1 ) which we will define has close relations with property (ω). The plan of this paper is as follows. In Section 2, we give the definition of property (ω 1 ) and the necessary and sufficiently conditions for T for which property (ω 1 ) holds are given. In Section 3, as a consequence of the main result, the relation between property (ω 1 ) and hypercyclicity (or supercyclicity) is discussed.
Property
Property (ω) implies Weyl's theorem, Browder's theorem and a-Browder's theorem [1] . Property (ω 1 ) is defined as follows. For example, let T ∈ B( 2 ) be defined by
, . . . ,
, then σ a (T ) = σ ea (T ) = {0} ∪ {λ ∈ C: |λ| = 1}, π 00 (T ) = ∅ and π a 00 (T ) = {0}. This means that property (ω)
holds for T but a-Weyl's theorem fails for T .
2 ) be defined as in (2) and B ∈ B( 2 ) be defined by
, then σ a (T ) = {0} ∪ {λ ∈ C: |λ| = 1}, σ ea (T ) = {λ ∈ C: |λ| = 1}, π 00 (T ) = ∅ and π a 00 (T ) = {0}. This shows that a-Weyl's theorem holds for T but property (ω) fails for T .
(4) Property (ω 1 ) implies a-Browder's theorem, but the converse is not true. Let T ∈ B( 2 ⊕ 2 ) defined as in (3) . We find that a-Browder's theorem holds for T but property (ω 1 ) fails for T .
The following two theorems give the relation between property (ω 1 ) and property (ω) as well as the necessary and sufficient conditions for T for which property (ω 1 ) holds. 
, we know that T − λI is Browder and hence λ ∈ P 00 (T ). Conversely, suppose T satisfies property (ω 1 ) and π 00 (T ) = P 00 (T ). Let λ ∈ π 00 (T ), which means that λ ∈ σ a (T )\σ ea (T ), thus property (ω) holds for T .
(II) T has property (ω) and this implies that property (ω 1 ) holds for T and
Theorem 2.2. The following statements are equivalent:
n ] if 0 < |λ| < . Now we turn to a variant of the essential approximate point spectrum which has been defined in [3] . Let
is the Drazin spectrum of T .
and T is called f-isoloid if the isolated points of the spectrum are all eigenvalues of finite multiplicity.
Theorem 2.3. The following statements are equivalent:
(1) Property (ω 1 ) holds for T and iso σ a (T ) = P 00 (T );
T is f-a-polaroid and satisfies property (ω 1 );
Then there exists > 0 such that T − λI is generalized upper semi-Fredholm operator if 0 < |λ − λ 0 | < . For this λ,
, using the same way, we prove that
Similarly, we can prove (2) ⇔ (4).
.
2 ) be defined by
. Using Theorem 2.3, T satisfies property (ω 1 ), T is f-a-polaroid and iso σ a (T ) = P 00 (T ). 
T )), and if σ a (T ) = σ ea (T ), then σ (T ) = σ a (T ); (3) For each pair λ, μ ∈ C\σ SF + (T ), ind(T − λI)ind(T − μI) 0, and if σ a (T ) = σ ea (T ), then σ (T ) = σ a (T ).

Proof. (1) ⇒ (2). σ ea ( f (T )) ⊆ f (σ ea (T )) is clear. We need to prove f (σ ea (T ))
,
). Since f (T ) has property (ω 1 ), we know that f (T ) is Browder. This implies that T − μ 0 I is Browder. The fact n(T − μ 0 I) = 0 tell us that T − μ 0 I is invertible, which means that μ 0 /
∈ σ (T ). Hence σ (T ) = σ a (T ). (2) ⇒ (1).
, we know that f (T ) is Browder. Thus T − λI and T − μI are Browder. It is in contradiction to the fact that ind(T − λI) > 0. Hence for each pair λ, μ ∈ C\σ SF + (T ),
where λ i = λ j and g(T ) is invertible. Then for any λ i , T − λ i I is upper semi-Fredholm and
Using the same way of (2) ⇒ (1), we can prove property (ω 1 ) holds for f (T ). 2
and T − λ 0 I is lower semi-Fredholm. Since λ 0 ∈ iso σ a (T ), it follows that T has single valued extension property in λ 0 . Then 
Since property (ω 1 ) holds for T , we know that T − λ i I is Browder and 
Property (ω 1 ) and hypercyclic (supercyclic) operators
In the following, H denotes an infinite dimensional complex Hilbert space, B(H) the algebra of all bounded linear operators on H . For x ∈ H , the orbit of x under T is the set of images of x under successive iterates of T : Orb(T , x) is dense. A hypercyclic operator is one that has a hypercyclic vector. We similarly define the notion of supercyclic operator. We denote by HC(H) (SC(H)) the set of all hypercyclic (supercyclic) operators in B(H) and HC(H) (SC(H)) the norm-closure of the class HC(H) (SC(H)). Supercyclic operators were introduced by Hilden and Wallen in 1974 [8] . Many fundamental results of the theory of hypercyclic and supercyclic operators were established by C. Kitai in her thesis [9] . The essential facts for hypercyclic operators and supercyclic operators were described by Herrero in 1991 [7] . 
. .}. A vector x ∈ H is supercyclic if the set of scalar multiples of Orb(T , x) is dense in H , and x is hypercyclic if
Using the fact that property (ω 1 ) holds for T , we can prove that
Conversely, we prove σ w (T ) = σ (T ) first. Let λ / ∈ σ w (T ), then T − λI is Weyl. Since T has property (ω 1 ), this implies that Browder's theorem holds for T , we know that T − λI is Browder and λ /
It is in contradiction to the fact that ind(T − λI) < 0.
Thus T − λI is Browder, it is a contradiction again. Hence for any λ ∈ ρ SF (T ), [7] .
Similarly, we can prove (2). 2
-T has property (ω) ⇔ Weyl's theorem holds for T ⇔ T satisfies a-Weyl's theorem; -property (ω 1 ) holds for T ⇔ T satisfies Browder's theorem ⇔ a-Browder's theorem holds for T . 
Proof. Suppose T ∈ HC(H). We need to prove σ (T )
Using the same way, we prove that T − λ 0 I is invertible, which means that λ 0 / ∈ σ (T ). 
T ∈ HC(H).
The Weyl's theorem for T is not sufficient for the Weyl's theorem for T + F with finite rank [10] . So does a-Weyl's theorem [4] . But if T ∈ HC(H) or T ∈ SC(H), we have: T − λ I is Browder. Then T − λ I is invertible. Therefore λ ∈ iso σ (T ) ∪ ρ(T ). We claim that λ ∈ ρ(T ). If λ ∈ iso σ (T ), the fact that T is f-a-polaroid and property (ω 1 ) imply that T − λI is Browder. Since σ (T )\σ b (T ) = ∅, we know that T − λI is invertible, a contradiction. Once again, we get that λ 0 ∈ ρ(T ). Thus T − λ 0 I is invertible. Then T + F − λ 0 I is Browder [13] .
This proves that T + F is f-a-polaroid and satisfies (ω 1 ). 2
